Quantum anomalies, breakdown of classical symmetries by quantum effects, provide a sharp definition of symmetry protected topological (SPT) phases. In particular, they can diagnose interaction effects on the non-interacting classification of fermionic SPT phases. In this paper, we identify quantum anomalies of the surface theories of (3+1)-dimensional topological superconductors protected by reflection symmetry, which are related to, by CPT-theorem, time-reversal symmetric topological superconductors. We discuss the invariance/non-invariance of the partition function of the surface theory, defined on the three-torus and its descendants generated by the orientifold projection, under modular transformations. The connection to the collapse of the non-interacting classification by an integer, Z, to Z16, in the presence of interactions, is discussed. A Z2 anomaly of CP-symmetric topological insulators under large U(1) gauge transformations is also discussed.
Introduction.-Gapped phases of quantum matter can be topologically distinguished by asking if their ground states can be adiabatically connected to each other. Quite often, it is meaningful to discuss "the theory space" (in the language of the renormalization group) in the presence of symmetries. Symmetries may prohibit the appearance of some phases, which are distinct topologically from trivial phases, while a new topological distinction among quantum phases may also be created. Symmetry-protected topological (SPT) phases of matter correspond to the latter case -they are topologically equivalent to trivial states of matter in the absence of symmetries, while once a certain set of symmetries are imposed, they are adiabatically disconnected to trivial phases. For a partial list of recent works on SPT phases, see Refs. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] .
As SPT phases respect the same symmetry as trivial phases, they cannot be characterized by the LandauGinzburg-Wilson paradigm based on spontaneous symmetry breaking. Hence one needs to look for an alternative organizing principle. Quantum anomalies, an intricate form of symmetry breaking caused by quantum effects, have been proved to be useful in this context. Already in Laughlin's gauge argument, topological charge pumping process, i.e., the non-invariance of the system's ground state under large U(1) gauge transformations, was used to establish the stability of the quantum Hall states against interactions and disorder [12] . For SPT phases, see recent works in Refs. [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] .
In this paper, based on our previous works on (2+1)d SPT phases [24] [25] [26] [27] , the surface states of (3+1)d fermionic SPT phases are studied from the perspective of global quantum anomalies. We will discuss the Majorana fermion surface state of (3+1)d reflection (parity) symmetric crystalline topological superconductors (TSCs), belonging to symmetry class D+R + in Refs. [28] [29] [30] . This example is CPT-conjugate to a (3+1)d time-reversal symmetric TSC (class DIII) [31] . At non-interacting level, class D+R + crystalline TSCs in (3+1)d are characterized by an integer (Z) topological number (the Mirror Chern number), similar to their CPT partner, class DIII TSCs. On the other hand, a number of recent works showed that the integral non-interacting classification of class DIII TSCs breaks down to Z 16 once interactions are included [20, [32] [33] [34] [35] [36] [37] . Such collapses have been also reported in one and two spatial dimensions [24, [38] [39] [40] [41] [42] [43] [44] .
By computing the global gravitational anomaly of the Majorana surface states of class D+R + TSCs, we study this "collapse" of non-interacting classification. Similar to Ref. [26] , we enforce parity symmetry on the surface theory by taking orientifold projections [45] [46] [47] [48] [49] [50] . (See also recent discussion in Refs. [18, 51] .) The resulting projected theories are then shown to be anomalous under large coordinate transformations (modular transformations). By using the similar technique, we also identify a Z 2 anomaly of (3+1)d CP-symmetric topological insulators (TIs), which are related to, by CPT-theorem, timereversal symmetric TIs, under large U(1) gauge transformations [52] . In a similar vein, in Ref. 53 , the (3+1)d Weyl fermion on the surface of the (4+1)d quantum Hall system is shown to fail to be modular invariant in the presence of a background U(1) gauge field. In Ref.
[54], the surface theories of crystalline TIs are also studied independently, and the results consistent with ours are obtained.
2d surface of 3d crystalline topological superconductors.-At the quadratic level, timereversal symmetric superconductors in symmetry class DIII are classified by an integer topological invariant, the 3d winding number ν [4] . The topological invariant counts the number of gapless surface Majorana cones. For example, the B-phase of 3 He is a TSC (superfluid) with ν = 1, and hosts, when terminated by a surface, a surface Majorana cone, which can be modeled, at low energies, by the Hamiltonian
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where σ 1,2,3 are the Pauli matrices, the spatial coordinate r = (x, y) ∈ [0, 2πR 1 ) × [0, 2πR 2 ) parameterizes the 2d surface, and λ(r) is a two component real fermionic field satisfying λ † (r) = λ(r). The surface Hamiltonian is invariant under time-reversal T defined by T λ(r)T −1 = iσ 2 λ(r), where T 2 is equal to the fermion number parity G f as T 2 = G f = (−1) F (F is the total fermion number operator). For TSCs with ν = N f , the surface modes can be modeled by N f copies of the above surface Hamiltonian. While, at the quadratic level, , one can verify that, for an arbitrary integer ν = N f , surface Majorana cones are stable against perturbations the surface Majorana cones may be destabilized once interactions are included. A number of arguments, such as "vortex condensation approach", "symmetry-preserving surface topological order", "cobordism approach" and so on [20, [32] [33] [34] [35] , show that the surface Majorana cones are unstable against interactions when ν = 0 mod 16, reducing the noninteracting integer classification to Z 16 .
Here, instead of time-reversal, we consider its CPTconjugate, parity, which acts on the Majorana field as
Upon demanding the invariance under parity (2), the Majorana Hamiltonian (1) describes the surface of symmetry class D + R + crystalline TSCs, which are, at the quadratic level, classified by the integral mirror Chern number [28] [29] [30] . Based on CPT-theorem, we expect, upon the inclusion of interactions, the integer classification collapses down to Z 16 . To see the stability of the gapless Majorana mode at the quadratic level, note that the mass λ T iσ 2 λ is odd under parity (2) and prohibited. It is also interesting to note that while the uniform mass is not allowed, one could consider d 2 r m(r)λ T iσ 2 λ with m(x, 2πR 2 − y) = −m(x, y). This perturbation gaps out the most part of the surface, but not completely. At the fixed points of P symmetry, y = 0 and y = πR 2 , it leaves gapless modes localized at the domain walls. Note that this is similar to the chiral mode localized at a mass domain wall on the surface of time-reversal symmetric TIs. The difference, however, is that in the present case, the mass domain wall, as a whole, preserves P symmetry, while the domain wall on the surface of TIs breaks time-reversal symmetry, except at the domain wall. The gapless mode at the domain wall consists of the N f copies of Majorana fermions propagating in either +x or −x directions, depending on the overall sign of the mass domain wall for each flavor. Microscopic stability analysis of the Majorna modes at the domain wall can be done along the line of Ref. 54 .
Diffeomorphism invariance of (2+1)d fermion theory.-We will study the presence/absence of gravitational anomalies of the surface theory (1) . To this end, we first quantize the (2+1)d free Dirac fermion theory on a flat spacetime three-torus T 3 in the presence of background metric and U(1) gauge field, and establish the invariance of the partition function under SL(3, Z), the mapping class group of T 3 . We closely follow the analysis and notations in Ref. [55] . (That we consider the Dirac fermion instead of the Majorana fermion is purely a matter of convenience. The analysis below can be repeated without referring to the Dirac fermion, but can be done solely in terms of the Majorana fermion. On the other hand, the Dirac fermion allows twisted boundary conditions with arbitrary twisting phase, which can be used to study CP-symmetric TIs. See [52] .)
A flat three-torus is parameterized by five "modular parameters", R 1,2 /R 0 , α, β, and γ, where R µ are the radii for the µ-th directions, and α, β, γ and related to the angles between directions 0 and 1, 1 and 2, and 0 and 2, respectively. The dreibein is given by (µ, A = 0, 1, 2)
with its inverse e A µ defined via e 
The dreiben and metric are transformed as e
can be further decomposed into two transformations as U 1 = U 1 M , where
The two transformations U 1 and U 2 , which generate the SL(2, Z) subgroup of SL(3, Z), correspond to S and T
−1
transformations [usually used in the 2d conformal field theory (CFT)] in the τ − x plane, respectively. The Euclidean action for the Dirac fermion on T 3 is
where ψ is the two-component Dirac field and the gamma matrices Γ A satisfy {Γ A , Γ B } = 2δ AB . In addition to the background metric g, we also introduce the background U(1) gauge field (flux) a = (a τ , a x , a y ) on T 3 to twist the boundary conditions of the Dirac fermion theory. More specifically, we consider:
The partition function is given by the path integral on T 3 , or by the trace
in the operator language, where H is the "boosted" Hamiltonian obtained from S E and given by
and Tr ax,ay means the trace is taken over the Fock space of the fermion theory for the spatial boundary conditions specified by a x and a y . With proper regularization, the partition function can be calculated as [52] 
where we have introduced τ 2d ≡ α + ir 01 , r µν ≡ R µ /R ν , and the "massive theta function" [57, 58]
cos(2πna). In Eq. (9), it is understood that when r 12 s y = 0, the massive theta function gives lim m→0 Θ [a,b] 
where η(τ ) is the Dedekind eta function and ϑ α β (v, τ ) is the theta function with characteristics. A R,L is the partition function of the (1+1)d chiral fermion on T 2 with twisted boundary conditions, while the massive theta function is the partition function of the (1+1)d massive Dirac fermion on T 2 with twisted boundary conditions. By using the properties of the massive theta functions and A R [52] , it can be shown that, under SL(3, Z), the partition function is transformed as [52] 
To construct a modular invariant, we consider the sum over all boundary conditions ("spin structures"), which are specified by boundary conditions a = (0, 0, 0), (
2 ). The resulting total partition function is given by
, where a are weights ("discrete torsion") assigned to different sectors with partition functions twisted by a. From Eq. (12), we see that by choosing a = 1 for all a, the total partition function is modular invariant,
Parity twisted partition function.-Let us now include the effects of parity symmetry by including twisted boundary conditions by parity. This leads to unoriented spacetimes such as S 1 × K, where K is the Klein bottle. We will work with N copies of the Dirac fermion theory, which is related to N f by N = 2N f . First, note that the modular parameters β and γ are odd under parity. Hence they will be set to zero henceforth, β = γ = 0, to consider the parity twisted partition function. While SL(3, Z) acts on the metric g = g(R i , α, β, γ), there is an SL(2, Z) subgroup generated by U 1 and U 2 , acting on the "reduced" set of the modular parameters,
With the reduced set of modular parameters by parity, the total partition function, which is generated by projection by parity and the fermion number parity, is given by
where SG = {1, G f , P, PG f } is the symmetry group of the surface fermion theory, and G are weights assigned to different sectors with partition functions twisted by G = (G τ , G x , G y ), where for each direction, the boundary condition is twisted by
Thus there are 4 3 = 64 sectors summed up in the total partition function. However, not all sectors are mixed by SL(2, Z). We can then divide different sectors into groups, and study the action of SL(2, Z) on each group separately. In the following, we will focus on the sectors generated by twisting y-boundary condition by 1, G f , and by twisting τ -and x-boundary conditions by 1, G f , P, G f P. For a given y-boundary condition, there are 4 2 = 16 sectors in total, and the corresponding partition function is
where G = (G τ , G x ), and a y = 0, 1/2 represents the y-boundary condition. We will consider the cases of a y = 0 and a y = 1/2 separately, as they are not mixed by SL(2, Z). The remaining 32 sectors can be generated by twisting y-boundary condition by P and PG f . Twisting by these group elements gives rise to what can
The three-torus and its (non-orientable) descendants generated by the orientifold projection. While the yboundary condition is twisted by Gy = 1 or G f , the τ -and xboundary conditions are twisted by (Gτ , Gx) = (G ), respectively. (We have four sectors in each set.) Then the symmetrytwisted partition functions Z (Gτ ,Gx,G 
We now ask, for a specific choice of N , by summing these partition functions with some weight, if we can construct a modular invariant. The transformation properties of the twisted partition functions χ i−iv [aτ ,ax] under SL(2, Z) (generated by U 1 and U 2 ) can be deduced from the properties of the functions A R,L and Θ [52] . It can be shown explicitly that if and only if N = 4n (n = 1, 2, 3, . . .), i.e., N f = 8n, a modular invariant can be constructed. In addition, while SL(2, Z) invariance can be achieved for N = 4n, there is a distinction between n = 2k − 1 and n = 2k (k = 1, 2, 3, . . .), i.e., N = 8k − 4 (N f = 16k − 8), and N = 8k (N f = 16k). To be explicit, the twisted partition functions in set (i) are closed under SL(2, Z) and a modular invariant can be constructed for any N . For the twisted partition functions in set (ii − iv), we consider a weighted sum
. When N = 8k − 4, the SL(2, Z) invariance is achieved when
where a i=1,2,3 are arbitrary phases (signs). Thus, when N = 8k − 4, the trivial choice,
, is not allowed. When N = 8k, on the other hand, the SL(2, Z) invariance is achieved when a 2 , a 3 , a 3 , a 1 , a 3 , a 2 , a 3 , a 1 , a 3 , a 3 , a 2 ) .
The SL(2, Z) invariance when N = 4n (N f = 8n) may be understood by taking the limit R 2 → 0 (r 12 → ∞). In this limit, all massive theta functions become 1 and the total partition function reduces to the (1+1)d partition function projected by Z 2 ×Z 2 symmetry [24] . In this case, the SL(2, Z) invariance N = 4n indicates that helical Majorana modes in (1+1)d can be gapped when N = 4n (N f = 8n) without breaking the symmetry.
Discussion.-To conclude, we have studied global gravitational anomalies of the surface theory of (3+1)d TSCs. When the surface theory is anomalous, i.e., when N f = 0 mod 8, the corresponding bulk state is topologically distinct from trivial states of matter even in the presence of interactions as far as the bulk gap is not destroyed by the interactions. Our analysis thus presents an alternative approach to the collapse of the non-interacting classification.
On the other hand, for the cases where we do not find, within our calculations in this work, any inconsistency (anomaly), i.e., the case of TSCs with N f = 8, the situation may be more subtle. First of all, the theory may suffer from other forms of inconsistency, which have not been studied here, and hence particular calculations presented in this work does not immediately conclude that the corresponding (3+1)d bulk theories are topologically trivial. For example, in studying global anomalies we chose to put our surface theories on T 3 (and its descendants generated by the orientifold projection). Even when the theory is shown to be consistent on T 3 , it may be anomalous once put on a different three-manifold. The situation is better for 2d CFTs, where once the consistency of the theories at genus one (torus) is established, they can be consistently defined on any (oriented) Riemann surfaces. For 3d CFTs, there is no such known fact. For this reason, our quest for anomalies in the surface theories may not be complete. Recall that we have not included the partition functions twisted in the y-direction by P and PG f [see comments below Eq. (14)].
Although we found the SL(2, Z) invariance is achieved for N f ≡ 0 mod 8, instead of mod 16, we did note that the weights [ G,ay=0 in Eq. (14)] in the total partition function has a 16-fold periodicity. Whether or not this periodicity has anything to do with the Z 16 classification is left for future studies. It is, however, worth mentioning that such 16-fold periodicity does exist even for the orbifold partition functions of the edge theories of (2+1)d Z 2 ×Z 2 symmetric TSCs discussed in Refs. [24, 42] , where, however, the classification is Z 8 but not Z 16 . This difference between (2+1)d and (3+1)d cases may be related to the fact that surface theories of (3+1)d SPT phases have more options than (2+1)d cases, and can develop a symmetry-respecting surface topological order.
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Supplemental Material (1+1)d partition functions
The partition functions of the (2+1)d surface theories discussed in the text can be represented in terms of partition functions of (1+1)d theories. Here, we summarize the properties of these (1+1)d partition functions.
The partition function of a (1+1)d chiral fermion (Weyl fermion) with spatial U(1) flux a, temporal U(1) flux b, and the modular parameter τ = τ 1 + iτ 2 ∈ C is defined as [26, 61] 
where η(τ ) is the Dedekind eta function and ϑ 
The "massive theta function" Θ 
where ∆(m; a) is the regularized zero-point energy:
The massive theta function Θ 
Partition function on T 3 and its invariance under large U(1) gauge and SL(3, Z) transformations
Partition function
In this section, we explicitly calculate the partition function of the Dirac fermion theory on the three-torus T 3 , and show its invariance under large U(1) gauge and SL(3, Z) transformations.
We start with the partition function on T 3 :
The boosted Hamiltonian H given by Eq. (8) in the text can also be represented as
where the Hamiltonian H and momenta P i=x,y are given by
The fermion field operator satisfies the canonical anticommutation relation (27) where r = (x, y). The trace can be evaluated explicitly by the Fourier mode expansion of the fermion field operator. With the twisted boundary condition ψ(τ, x + 2πR 1 , y) = e 2πiax ψ(τ, x, y), ψ(τ, x, y + 2πR 2 ) = e 2πiay ψ(τ, x, y),
the fermion field operator is expanded as
where s = (s x , s y ) and
Correspondingly, the Hamiltonian can be expanded as
The single particle Hamiltonian H(s) can be diagonalized, with eigenvectors u ± (s) with eigenvalues ±ε(s), as
where
The Hamiltonian can be diagonalized by the eigen basis
T , which are related to the original fermion operatorsψ(s) as
The Hamiltonian in the eigen basis is given by
where : · · · : is the normal ordering with respect to the Fock vacuum and E GS = − s ε(s) is the ground state energy. Following Ref. 55, we regularize the ground state energy as
where s x,y are separated into their integral and fractional parts as
Similarly, the ground state momentum and the fermion number can be regularized as
where ζ(s, x) is the zeta function. With the regularization, the partition function (with boundary conditions twisted by a x and a y ) can be calculated as
sy∈Z+ay sx∈Z+ax
The mode-product of Z [a] (g) can be further separated into the massive and massless (if present) parts:
where we choose s ⊥ = s y ∈ Z + a y . The massless part is given, upon regularization of sx |s x |, by
where we have introduced the (dimensionless) parameters
On the other hand, the massive part is given, upon regularization of sx ε(s), by
Summarizing, we obtain Eq. (9):
Note that the massless mode (s y = 0)
is present when a y ∈ Z. The two expressions of the partition function Z [a] (g), Eqs. (39) and (40) , are now used to demonstrate the invariance of the partition function under large U(1) gauge and modular transformations.
Large U(1) gauge invariance of the partition function
We first check the invariance of the partition function under large U(1) gauge transformations a τ,x,y → a τ,x,y + 1. The invariance under a τ → a τ + 1 is obvious from Eq. (39), as Z [a] (g) depends on a τ only through the phase factor exp(2πia τ ). To check the invariance of the partition function under a x,y → a x,y + 1, we note that (i) this amounts to a simple shift s x,y → s x,y − 1 in the infinite product in Eq. (39), and (ii) the regularized ground state energy (36) is manifestly invariant under a x,y → a x,y + 1. To sum up, we conclude the large U(1) gauge invariance of the partition function.
Modular invariance of the partition function
By using the expressions of the partition function (39) and (40), we now show that the partition function, once projected by the fermion number parity, is modular invariant. We will first show that Z [a] (g) is transformed under SL(3, Z) as
where L ∈ SL(3, Z). This claim (46) can be shown by checking how Z [a] (g) transforms under U 1 = U 1 M and U 2 , which are defined in Eqs. (4) and (5). Transformation under U 2 : Under U 2 , the metric and fluxes are transformed as
From Eq. (39) we can easily find that
Transformation under M : Transformation for the parameters {R i , α, β, γ} under M is not as obvious as the case of U 2 . We observe that, since the transformation M only involves the change in the x-y plane, under M the x-and y-components of the dreibein e A µ and the metric g µν (and their inverses) transform as:
where i, j, k, l = 1, 2, and (g 2 ) ij is defined in Eq. (33). To see the behavior of Eq. (39) under M , we first note the regularized ground state energy (36) satisfies
, provided the sum converges. On the other hand, the second line in Eq. (39) can be expressed as (i, j = 1, 2)
, provided the product converges, we establish that the mode-product term in Eq. (39) is also invariant under {g, a} → {M gM T , M a}. Therefore, we have shown
Since the transformation U 1 only involves the change in the τ -x plane, under U 1 the τ -and x-components of the dreibein e A µ and the metric g µν (and their inverses) transform as:
where I, J, K, L = 0, 1, and
The behavior of Z [a] (g) under U 1 can be deduced if we look into its massless and massive parts separately, based on Eqs. (40) and (43): (i) For the massless mode,
On the other hand, (ii) for the massive modes,
Combining the results from both massless and massive parts, we conclude
From the above discussion [on invariance of
, we thus confirm our claim (46) .
Parity twisted partition functions of the surface theory of crystalline topological superconductors
In this section, we explicitly calculate the partition functions twisted by parity, which is defined by
Here we define y → −y instead y → 2πR 2 − y by parity is just for convenience (the result does not depend on the choice). In this paper we focus on the case P 2 = 1. As mentioned in the text, the parity invariance PH P −1 = H forces strictly β = γ = 0, and also demands U P = Γ 2 . Then, P acts on the Fourier components of the original fermion operators as
wheres = (s x , −s y ). We can choose some particular representation, either ( 1 , σ 3 ) , to perform calculations (the result would not depend on what representation we choose). In the following, it is more convenient to use the representation (Γ 1 , Γ 2 ) = (−σ 1 , σ 3 ). On the other hand, the P action on the eigen basis χ ± , defined in Eq. (34), is deduced as
where |u ± (s) are eigenvectors of
with eigenvalues ±ε(s) + αs x /R 0 , where
Because of P symmetry
are also eigenvectors of H (s) with eigenvalues ±ε(s) + αs x /R 0 , and therefore the off-diagonal matrix elements are zero,
The diagonal elements, and hence, the transformation properties of χ ± (s) under parity, depend on a choice of eigen functions u ± (s). For s y = 0, the following choice for the eigenvectors:
leads to
Alternatively, a different gauge choice
In either choice, the result can be summarized as
where η ± is an s-independent sign factor. Note that the condition P 2 = 1 forces η 2 ± = 1. While η ± depends on the choice of eigen wave functions, the final results (such as the evaluation of the partition functions) do not depend on such ambiguity.
On the parity-invariant momentum line s y = 0, which exists if a y ∈ Z, the Hamiltonian H (s x , s y = 0) = sx R1 σ 3 + α sx R0 has a "chiral decomposition":
which corresponds to the "chiral eigen basis" χ R,L . Since
which does not depend on the normalizations of |u R/L (s x ) . We observe, on the P-invariant momentum line s y = 0, parity acts like the "spin parity" (−1) F L , where F L is the total number of left-handed fermions (at s y = 0). Thus, we expect the modular properties for the surface theory, which are similar to those of the edge theory of Z 2 × Z 2 symmetric topological superconductors in (2+1)d.
P-twisted partition functions in the τ -direction First we evaluate the partition function twisted by P in the τ -direction, which can be written as
where a y = 0, 1/2, E GS = − s ε(s), and W
P
[a] (s x ) can be written in a pairwise fashion (with respect to P symmetry):
and
Tr axay P exp
Note that the massless modes (s y = 0) would be present if a y = 0. With such pairwise decomposition, the massive mode for fixed s y = 0 in Eq. (66) is evaluated as
while the massless mode is evaluated as
In summary,
for a y = 0 (PBC in the y-direction),
for a y = 1/2 (APBC in the y-direction).
Here the constant prefactors are related to the P eigenvalues of the ground states. P-twisted partition functions in the x-direction Now let us consider the partition function twisted by P in the x-direction. We start with the twisted boundary conditions in the x-and y-directions:
With the above twisted boundary condition, the Fourier expansion of the fermion fields can be expressed as
with
where χ ± (s) are eigen basis of H (s), u ± (s) are the corresponding eigenvectors [take the form of (59) or (61), up to normalization factors], and the term "massless modes" is present if a y ∈ Z. The massless modes are given by the sum of the two terms
where χ R,L (s) are eigenbasis of H (s x , s y = 0) and u R,L (s) are the corresponding eigenvectors in Eq. (64). From the condition (74), which relates eigen modes with s ands, we only need to take "half" of the degree of freedoms, either modes with s y > 0 or with s y < 0, when we calculate the trace for the partition functions. The result does not depend on which region for s y we choose. From the above discussion, the massive mode for fixed s y = 0 in the trace Tr PG 2ax f ,ay [G
is evaluated as
while the massless mode (if present) is evaluated as
for a y = 0 (PBC in the y-direction)
P-twisted partition functions in the τ -and x-directions Finally, we calculate the partition function twisted by P both in the τ -and x-directions, Z PG 2aτ f ,PG 2ax f ,ay . Using the result from the last section, we now just need to include the additional insertion of the parity operator inside the trace. This can be done by observing that
for the massive modes (s y = 0) and
for the massless modes (where s y = 0 as usual). Then, the massive mode for fixed s y = 0 in the trace is evaluated as
Massive modes
In this section, we discuss how the (products of) massive modes Θ i−iv [ax,aτ ] (τ 2d ; r 12 ), defined in Eq. (16), transform under SL(2, Z) generated by U 1 and U 2 . This can be deduced from the modular properties (23) of the massive theta functions with modular parameters τ 2d , 2τ 2d , τ 2d /2, and τ 2d /2 + 1/2 (we denote the mass parameter m = r 12 s y in the following equations):
(i) For Θ [ax,aτ ] (τ 2d ; m):
(ii) For Θ [ax,aτ ] where η ± is s-independent. The product η := η + η − = 1 is gauge invariant. 
where we note both A R [ax,0] and Θ [ax,0] are invariant under a x → a x + 1. The anomalous minus sign under the large gauge transformation, which comes from the massless mode (s y = 0) but not the massive modes (s y = 0), signals a Z 2 topological classification: The CP projected theory can only be realized as the surface theory of a (3+1)d bulk CP symmetric TI, which is CPT-conjugate to a (3+1)d time-reversal symmetric TI [31] .
Antiperiodic boundary condition in the y-direction, a y = 1/2: In this case, the twisted partition function is given by 
